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A detailed experimental examination of the dc cri tiöal sucercurrent

dens i ty, j
~ , and the microwave (nonzero voltage ) supercurrent , j ,  has

been made in oroximi ty effect thin film weak link s at tem’eratures above
/

the transition tem’erature of the link ma terial. These resul ts were

correlated with measured dimens ional and superconducting t~arame ters o f

the tnth films and the link via a ‘in z berg-Landau (GL) formalism. In
-~1

the steady state , ~~~~, ~as found to be adequately described by a one

dimens ional ~L for ’alism similar to that of Likharev and Yakobson but with

~e Gennes boundary conditions on the order parameter aoplied at each

interf~c~ . However , j decreases exoonentially with increasing voltage

and cart be Interpreted in terms of an interference modulation of the

induced oaIr density within the link at the Joseohson frequency.
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Abs trac t

A detail ed exDerimenta l examination of the dc critical supercurrent

dens i ty , j
~
, and the microwave (nonzero voltaqe) supercurrent , j ,  has

been made in proximity effect thin film weak links at temperatures above

the transition temperature of the link material . These results were

correla ted with measured dimensional and suoerconducting parameters of

the thin films and the link via a (inzberg—Landau (GL) formalism. In

the steady state , 
~c ’ 

was found to be adequatel y described by a one

dimensional ‘L formalism similar to that of Likharev and Yakobson but with

De Gennes boundary conditions on the order parameter aoolied at each

i nter face. However , j decreases exoonentia lly with increasing voltage

and can be interpreted In terms of an interference modulation of the

in duced pair density within the link at the Josephson frequency .

Introduction

This paper correlates the quantum electronic behavior of a partic-

ular class of suoerconductlng thin film weak link , the proximity effect
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l i nk ,1 wi th the dimensional and superconducting parameters of the link.

The proximi ty effect link is similar to the variabl e thickness link in that

both have well-defined dimensional geometries . However the proximi ty effect

link is comprised of a superconductor whose intrinsic transition temperature

differs from that of the adjoining materia l T , and usuall y 
~~~~~

‘ 
Ti, .

Consequentl y we wi ll characterize these links as S/SVS links . ~easu r~-

ments of thin film parameters such as resistivity ~~~, coherence leng th ~~,

penetration depth A , etc. for both S and S’ were recorted earlier.3 These

measured oarame ters are herein correlated with the dc supercurrent dens i ty

of proximi ty weak links fabricated in the films for the temperature

ran ge T Ii,. The microwave suoercurrent, j ,  was also exoeriment ally

determined and for I 
~ 
I~ was found to be both frequency and voltage

deoendent. This dependence will be shown to be functional l y equivalent

to vo l tage stimulated pair breaking in S’ .

Experimenta l Results

Measurements of the critical current , I~ , were performed by a

standard four terminal technique . Considerable care was taken with magnetic

shieldinq and field compensation for all measurements , s i nce these wea k

l inks display a nearly i dea l magnetic modulation of the critical current.

The crit ical current, I~ , was measured as a function of temperature I,

bridge length 1, width w, and thickness t for several materials and

structures. Thin films and l ayered film struc tures were fabricated by
1

high vacuum electron beam deposition onto sapphire substrates. For the

layered films , material A was evanorated sequentia lly in high vacuum

directly on top of material B and will be indicated by (A/B). The resulting

_ _ _ _  _ _ _ _ _ _  
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layered Structures were composed of films thinner than their resoective

coherence lengths with no intervening oxide layer so that the composite

superconductivity of the film is well characterized . Independent measure-

ments of the relevant suoerconducting parameters such as f~, \ , resistivity

o, and transition tempera ture T~ were made for both the S and S’ thin films

and l ayered struc tures3 in order to faci litate a direc t comoarison to

theory. Layered thin films of (Ta/Hf), (Ta/Ti), and (Sn/Au) as well as

ion (Cu or Fe) implanted Ta films have been stud i ed. S/S’/S weak link s

have been fabricated with all of these mate rials. The details of the

weak link fabrication are outlined in earlier work. 1 ’3

In genera l , for the longer links (L 2 ~m) we find that the cri tical

current density can be comoletel y characteri zed by a one-dimensiona l GI

theory utili zing the actua l superconducting oarameters , ~~, 
.... ,~, etc . of

the films . Systematic deviations from the simolest GL description will be

discussed . As might have been hooed , there is no aooarent residua l deoendence

on speci fic material , substrate , wi dth , or thickness of film .

The results shown herein are typical for all of the

weak links in all materials. The tempera ture , T~ , ,  is the suoerconductina

transition temperature of the link S region if isolated from S. As

indicated in FIg. 1 , supercurrent aooears for T ‘ Ii,.

Figu re 1 shows typical critical current data for three Ta/Ti

weak links (W • 25 ~m, t ~ 23 nm) as a function of length and temperature

above and through I~•• The curves also shown In Hg. 1 are the result of

I
_ _ _ _ _  _ _ _ _ _ _  
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the calculation to be discussed . Bel ow Ta .. the criti cal current graduall y

assumes a (Ta , - 1)3/2 dependence as reported earlier .3

The amplitude of the microwave supercurrent j was experimentally

determined by an examination of the microwave i nduced step structure4 in

the dc current-vo l taqe (I-V) curve. These steps were i nvestigated as a

function of bridge l ength L , freauency ~~, step number n , temperature I,

dc voltage V0 
a 
~ /2e, and microwave voltage V .  The data on j reported

herein refer to the weakl y coupled limi t onl y; i.e., T ~~~ Step width

was determined from measurements of the differential resistance (dV/dI)

of the I-V curve . For these links , the steps are very well defined and

step width was i dentified as the current interval over which dV/ i1 < 1/ 2

normal state resistance R~. An alternative defini tion of step wid th as the

interval over which dV/d I 0 did not change the data by more than S’~.

Microwave voltage V was determined by assuming a Bessel periodicity in

step size , as in the RSJ model , and normalizing V w ith resoect to V0 at

the firs t zero of the n • 0 step . Fiqure 2(a) shows the maximum amplitude

of the n • 1 step (relative to I~) as a function of frequency and link

l ength.

Aqath, these results are tyoical of all links we have studied in

that similar results are found for links of differen t material but with

similar dimensions and critical curren t dens i ty . Specifically the data

in FIg. 2 are for three Ta/Hf links of width *25 urn at • 20 uA . In

Fig. 2. the microwave vol tage V~ was adjusted so as to maximi ze the step

amplitude . Figure 2(b) shows the maximum step ampl i tude as a function of

steo number, n, at a constant frequency (4 GHZ) for the shortest (L • 0.5 urn)

Ta/Hf link. In all cases, the relative amplitude of the step width was

T 
_ _  _ _ _  _ _
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found to be nearly independent of I for I ~ and 
~
w/2eIcR ~ 1. All of

the data ort j reported herein is within these limits and thus may not

be di rectly comparable to variable thickness bridges of single ma terial.

The result of a simple RSJ calculation is shown in Fig. 2. A deviation

from the simple RSJ model is observed with increasing frequency , bridge

l ength , and step number .

Discussion of Steady Sta te Results, j<

To ana lyze the steady sta te da ta , a one-dimensiona l Gin :burg-Landau

(GI) model simil ar to that of Likharev and Yakobson2 (LV) was used to

evaluate j
~ for I ‘ Ti,. In this analysis one modif ication was made to the

model of LV which was the use of De t ennes boundary conditions 5 on the

order Darameter at each S/S’ interface . It should be noted that the erter~y

gap, 
~ 

in the film adjacent to the link is depressed below ~ due to

Proximi ty effects . This is in contrast to the rigid boundary condition

used by LV which assumed that .~ in the film adjacen t to the link is equal

to the equ libr ium va l ue, 
~~~~~

. If the rigid bounda ry conditions of LV are

utilized to calculate i~ ’ along wi th the actua l geometric length L of

the link , the predicted critical current is about an order of magnitude

larger than experimentally observed . A firs t order correction6 to this

approximation is to assume that the effect length is somewhat greater than

L. Our analysis attempts a more detailed correction by utilizing the

Dc Gennes boundary conditions .

The LV model also assumes that the order parameter in the weakened

region Is a linear superposition of order parameters, differing in phase,

induced from each of the boundary superconductors. This linear approximation

L I



6

is probably adequate only when the link l ength , L, is ~~~~~~ so that no

secondary boundary condition need be app lied to either order parameter ,

except to vanish at infinity . Effectivel y, the cubic terms in the GL

calculation are beino i gnored. One oossible effect of this assuinotion

will be considered later .

There is no simple closed form for the criti ca l current, i _ ,

using the LV anal ysis and Dc (ennes boundary conditions ; however , it can

be written in the following form:

• 0.9 
~~~~ (1 • (1 ~9

2/2)h/2 )~ 
ex o ( -L .’~~ ,(~~ )

This expression is functionally ind entic al to orev~~us results ; ’~
’ but the

I

oarameter 9 is a more comn i icated function than ~resented in Re fere nces

2 and 6 because of the ~e Gennes boundary cond’t~ons . As oreviouslv

shown ,~~~ the parameter i,. , for I I , , can be related to ~ and \ foruL S

I Ii ,. The parameters (3) and ~(0) are ana l yti call 1 defined for

T < Is’ by ~(T) • ~( 0 ) ( l  - t) 1
~
’2 and ~(T)  ~(O )(l - where t

With this definiti on , the Parameter for T - ~~ becomes a

~‘ ~~~~~~~~~~~~~ ~ (
O) ]

~~(t- i)~”, where and are res~ective lv

the flux quantum and the permeability . In evaluating Eqn ~1 ’ , the decay

length 
~~~~~

, (for I Ti.) has been related to the coherence length in 5’

(T Ti.). by the relation :
7’8

Ti,) 
a 0.9 ~5~, (O ) ( t — 1) L’2 (.,

~

where ~~ (O) Is a measured quantity .
3

I . ______ _____ -- - ___________
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The parameter 82 contaIns the influence of the boundary conditions

and can be written in terms of the dens ity of states at the Fermi surface ,
N, Interaction potential , V 1 and trans ition temperatures as: 92

B0~~(NV )~ , T5/(~1V)~ Ti.) tanh
2C. The parameter C must be determined

analyticall y as will be indicated . In the limi t where Is ’ ~ 
T~ 9 2 

=

while for << 1~ ~~2 * 0.33 T~/ (T_ T~~). The product

(NV ) was evaluated from the BCS relationshio (MV )~~ ln(l .14 
~D~

TS ’ S~’
and the Oebye temperature 00 was taken to be a soatia lly weighted average

value For the layered films . The parameter C comes from eva l uating the

following expression nutnericallv :7

sinh 2CC1 + 1/2 3 / ( l  • (1+ 1/2 92)1~~}) = .
~~~( ~~~~ (

~~
. ( T ) /~~

(I)}

For the rigid boundary conditions of LV , B2 * B~
2.

Equation (1) has been evaluated by using exoerimenta lly determined

values of ~(0), A(O), resistivity , and transition temnerature for the S

and 5’ films .3 In relating measurement to theory , it was assumed that the

current through the link was distributed uniform ly. This assumPtion was

based on the experimental observations that: 1) superconducting ground

planes placed directly over the link did not affect 2) the magnetic

modulation of was nearly the idea l Joseohson diffraction effect; and ,

was found exoerimentally to be independent of w until flux trapoing

occurs. The critical current dens i ty, i~~ 
was then calculated from I~ by

• I~(Wt)~
1 g where t Is the film thIckness.

Typical results are shown in Fig. 1 , these data are for three

links which differ only In their length. Note, that Exoression 1 now has

no adjustable parameters since experimental values are utilized for all

- ~~~~~~~~~~~~~~~~~ ~ ---- ~-~ ~~
.. 
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parameters. We estimate that the overall absolute accuracy of the calcu-

lation Is about a factor of 2 due to the uncertainty in all the separate

measurements. In general , good agreement (within a factor of 2) in both

absolute magnitude and temperature deoendence between theory and experi -
ment has been found for all of the longer (L > 1 urn) links which we have

studied. We interpret these results as indicating the essential correctness

of the theory2 and the appropriateness of the De Gennes boundary conditions

for these circums tances.

However, for the shorter links (L c ~ urn) the measured amplitude

~ 
always systematically decreases as the length decreases although the

tempera ture dependence of is correctl y described by Eqn . ( 1) . For a

given leng th, the ratio between theoretical j
~

(GL ) , and experimenta l j
~
(exp)

cr iti cal cur rent is roughly independent of temperature (both above and below

I 1). The insert in Fi g. 1 shows j
~

(exo ) as a function of length — normalized

to the value for the lonnest link. These data are typical f•..r all links

which differ only in length . The relative accuracy of such data is

±lO~ and control exoeriments indicate that this l enath dependence is

probably not due to a systematic experimenta l error. We take it as evidence

for a length dependence in in addition to that accounted for by the

calculations . One possible interpretation is that the induced order

parameter In S’ cannot simpl y be aporoximated by the linear superposition

of two independent order parameters when the bridge length (spacing between

the two S/S’ boundaries) becomes comparable with the decay length 
~~~~~~~

For this case, higher order corrections must be made and the effects of a

second boundary must be added to each order oarameter. Such calculations

are in progress.
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Discussion of Monsteady State Results

In the fini te vol tage state , quasi-oarticle current also occurs in
5’. The effect of these currents can be aoDroxima ted by the resistively

shunted junction ( RSJ) model.9 We have used this model to calculate the

magnitude of the “steo” i nduced in the dc I-V characteristics when i rradiated

wi th microwave radiation . Below about 1 6Hz, the RSJ model with the micro-

wave suoercurrent amplitude 
~ 

equal to j~ has been found
6’7’9 adequate to

describe the experimental results . However as Fig. 2 indicates , when

I -. T~, and for frequency above -~1 6Hz, ampl i tude of .j~ begins to decrease

significantly from that exoected from a simple RSJ ana l ys i s , esoec ial l y for

longer link s . At higher frequency (-10 6Hz) j usual l y aga i n i ncreases 3

and can be larger than as in the Dayem-Wyatt 1° effect. Microwave resoonse

has been observed~ to above 250 6Hz in these links at l ower tempera ture .

However, these hi gher frequency effects are ma terial deoendent. This paper

will concentrate on the more systematic low frequency da ta in the temoerature

range T >

From this data we have attempted to construct a simole emoi rical

expression for j
~. From an analysis of all of our data from 1— 4 6Hz it

appears that an empirical deoendence of the form I J (  i~ e
xp (_V/V*), is

adequate to describe these results . V, the RMS voltage , is V =

((nV0)
2 

+ 1/2 v~11”2 and V* is a length dependent constant for all links ,

where V* (volts) * ~~~ 1..~ (urn) . This resul t was found to fit these data

(I Ta .) for many different links of differing dimensions and material

up to =4 GHz. The curves shown In Fig. 2 are the result of an RSJ calculation

Including this empirical amplitude dependence of ~~~

* ~~~~~~~ 
-. 

~~

. 
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This empirica l form for the microwave suoercurrent , 1 ,  encouraged

us to attemot to Interoret these results in terms of the GL calculation of

We found that if the decay l ength within the link is assumed to be

voltage dependent then an anal ytic fit to all of the microwave data can be

obtained by a calculation similar to that indicated for 
~ 

(.e , Eqn. (1)).

But , for this calculation 
~~

, (Eqn. (2)) is rep lace d py ~ vo l tage dependent

counterpart :

= ~~,(0) :t— I) + ~ e~/kT5 ,1~~ (3 )

Equa tion (3) differs from (2) by the parameter eV, k15, and reduces to

Eqn . (2) at zero voltaae . The parameter ~ was then evalua ted by using

Eqns . (1) and (3) to calculate j and fi tting the result to the data . We

found that a sing le value for 1 (~ ~.3 ~Q.Q5) fit all of our data UD to ç
~4 6Hz for all l inks. ~ote , that the substi tut ion ~f E~n. (3) into exo res sion

H

(1) for requires tha t B~~ and 8 are also functions of voltaae. In the

limit where 1
5

1 < T5 , 9 2 (v ) = (T
5 -T)/(~~+0.3 e~’k - T 5 1 ) .~h ile for T

5 
<~~

90
2

(v )  * 0.33 T~/(T i.o.3 e~,’k-T 5 1). B (V) is determined by substituting

the values of ~51(V) and 80
2(V) into the exoression for B2. The result of

this calculation is effectivel y i dentica l to the empirical expression ,

3~ 
exp (.V/V~’) over the temperature range of the data .

Al ternative analysis’ was also attempted along the lines of heatingh

and an RSJ~ model 13 wi th much less overall consistency . Heating effects

could be Induced experImentally but were considerably smaller than the

effects observed in this study at these frequencies and were functionally

proportional to (V~
2 rather than (V). For the RSJ r model , no sing le con-

sistent fit to all of the data was possible over the entire range of

•xperlmenta l parameters .
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Equati ons (1) and (3) were also used to analyze the step width

as a function of applied microwave voltage and steo number. Figure 3

shows data for the relative width of stePs number n = 0, 1 , and 2 induced

t in the I-V curve of a Ta/Hf link (L = 0.5 u rn ) at 4 6Hz. Critical c~rrent

was ‘~.2O uA ; simi lar results were found for other currents and links as

long as I T~, and ~ > 2eI~R. A comnarison is made in Fig. 3 bet.~een

a simple RSJ model (dashed line ) and a RSJ model using a vol taqe dependent

j (V) (sol id lin e ) as found from Eqns . (1) and (3). These results indi-

cate that j (V) is capable of describin a the detailed functiona l deoendence

of step size in this frequency range.

t Thus , it appears that the apparent voltage dependence of j can

be analytically related to a modification of decay length :~ as indicated

by Eqn . (3). The usual interpretation of decay l ength is in terms of pair

lifetimes in S’ . Consequently, we have used Eqn. (3) to infer the corre-

sponding lifetime effects . This emoirica l form for the decay l ength 
~~

,
$ implies that , for I Ii,,, an additional pair breaking mechanism occurs in

S’ at finite voltages . An estima te of the pair lifetime associated with

this process was obta ined by writ ing ~~ in terms of a diffusion constant

D l/3 (v f z ) and an effective lifetime ~ as ~~~ If two i nde’,endent

pair breaking effects are assumed , the usual thermal process and a voltage

dependent orocess, then the’ effective lifetime can be written as

+ where ~ is the usual thermal pair lifetime14

and is associated with the add i tional voltage

dependent process. By substituting Eqn. (3) (with ~ 0.3) for in

a f~~~
’1 

+ ,-1 and solving for l eads to an empirical determination

of 
~~,

• Following this procedure leads to 
~ 

(*1eV) .

________— -~~ -~— ---— .—- ..~ .- -—-~- —-- .-,----~~ —— ~~— . 
- --~--~~~~~
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The basic exoerimental fact is that for I ~ I~, the amolitude of

the microwave Josephson current in these S/5’/S weak links appears to be

voltage dependent as j  = j
~ 

exp (_V/V*), where is the dc critical current.

The vol tage V is the RMS average voltage across the link and inc l udes con-

tributions from both the dc and microwave vol tages . This relatively

simple emnirical result holds up to ~.4 6Hz. we are not aware of any

theoretical explanation of these results and consequentl y have analyzed

the results in terms of an effective voltage dependent decay length and

a corresponding pair lifetirne .(or pair decay rate R ~~). The nume ri cal

results of such an analysis is that the RMS voltage across the link con—

tributes a term to the pair decay rate which is approxima tely equivalent

to the aver~qe Josephson frequency .

On-c possible interpretation of this result is that for T >

pair decay rate in 5’ is augmented by the Joseohson oscillation. The

induced LY order parameter ~‘ in S’ (which was used to calculate as in

Eqn. (1)) assumes no such interf’~rence effec ts - onl y a therma l decay~
4 

-

and linear superposition . However at finite voltage , v(S’) is oeriodical ly

quenched at the Josephson frequency . We propose that these experimental

resul ts suggest that this induced periodic quenching of v (S’) is reflected

in the pair lifetime — the maximum pair lifetime being limi ted to one

Josephson cycle. In terms ‘of decay rate, such an effect would add a contri-

bution R(V) to the decay rate, R (V) 2eV/’~. Correspond i ngly, up to ~.4 6Hz

we find R to be augmented by R(V) eV/’~, as described herein. However,

at higher frequencies and lower temperature this simple (adiabatic)

relationship between R(V) and the RMS voltage V breaks down. For frequencies

~lO GHz, the step size was observed to become a complicated function of

ii
• 1  

~~~~
- ---

______________ ~~~1r . - 1 . 
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frequency and temperature for which j was , under some conditions , larger

than j
~ . Furthermore, the critical current, can also be increased3

dramatically as in the Dayem-Wyatt effect. These comolicatlons (presumably

due to quas i particle excitation ) are still under investigation .

Conc lus i ons

A deta iled examination of the dc critical suoercurrent density ,

and the microwave suoercurrent dens i ty , j ,  has been undertaken for

S/S’/S thin film weak links. The data and analysis reoorted here in refer

mainly to the temperature range I Ii ,. In the steady state , is found

to be adequa tel y described by a one dimensiona l 6in:berg-Landau forma lism

similar to tha t of Likharev and V .ikobson ~ut  w i t h  0e Gennes boundary con-

d itions on the order parameter aonlied at each S’S’ interface. ~n ev~eri-

mental examination of the microwave sucercurrent indicates tha t j is an

exponentia ll’ decreasing function of ~ncr ea st n g vo l tage up to ~4 ~Hz. The

amplitude of the microwave supercurrent , j ,  was empiric~fly determined

to be 
~ 

i~ 
exp(-V/V ) where ~ Is the RMS volta ie ~ C (nV 0)~ 112

an d V~ is a l enQth dependent constant , Vt l0~~ L~ (Lm). This effect has

been Interpre ted in terms of an Inter ference modulation of the pair density

wIt hin S’ at the Josephson frequency .
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Figure Captions

Fig. 1 Critical current density 
~ 

as a function of temoerature and length.

Insert shows relative decrease of with length . Curves are
calculated values from Eqn. (1).

Fig. 2 (a) Relative maximum amplitude of step n • 1 as a function of
length and frequency. Curves are calculated from Eqns . (1) and

(3). (b) Relative maximum step amplitude as a function of step

number for L a 0.5 ~i at 4 6Hz.

Fig. 3 Relative step amplitude (n a 0, 1, 2) as a function of microwave

vol tage. Dashed curve is calculated from RSJ model , full curve

includes Eqns . (1) and (3).
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